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a  simple continued fractions for (rational and irrational) 

are considered. The multiplication of two simple continued fractions 

0 1[ ; ,..., ]ma a a  and 0 1[ ; ,..., ]nb b b  for (m = n, m  n) are discovered. Also, the 

multiplicative inverse and the division of the simple continued fractions are 

showed. The most important that we will do in this paper, we exploring how the 

simple continued fractions can be used to calculate the numbers √𝑎 ∙ √𝑏, √𝑎 ∓

√𝑏 and 
𝑎

𝑏
∓ √𝑐. Many definitions and examples that we used of these low are 

presented.  

Key Words: Simple continued fractions. Multiplicative. Multiplicative 
inverse, Division. 

 

 

There are many applications of continued fractions: 

combine continued fractions with the concepts of 

golden ratio and Fibonacci numbers, Pell equations 

and calculation of fundamental units in quadratic 

fields, reduction of quadratic forms and calculation 

of class numbers of imaginary quadratic field [7]. 

There is a pleasant connection between Chebyshev 

polynomials, the Pell equation and continued 

fractions, the latter two being understood to take 

place in real quadratic function fields rather than the 

classical case of real quadratic number fields [1]. The 

simple continued fractions have been studied in 

mathematical (Diophantine Equation, congruence 

ax≡b (mod m) and Pell's equations) and physical 

(gear ratio) [4]. The analytic of continued fractions 

for the real and complex values have been studied in 

[3,9]. However, [2,4,6] studied the continued 

fractions for the integer values. There are many 

applications of simple continued fractions (Gosper's 

batting average problem [8], Cryptography …). In 

[5,6] we show that, any number, rational or 

irrational, can be expression as a finite or infinite 

continued fraction. Also, we can solve any 

Diophantine Equation or congruence ax≡b (mod m). 

The most important, that we did in [5,6], we define 

the addition and subtraction of the simple continued 

fractions. Also, we showed that, how can we know 

which simple continued fraction is greater than of the 

other. In this paper, we will define the multiplication 

and division of the simple continued fractions and we 

will be exploring how continued fractions can be 

used to multiply the numbers √a∙√b . We start with 

some definitions and theorems that we used to define 

the multiplication of two simple continued fractions. 
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Definitions 

• An expression of the form 
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a  is called a continued fraction. ,...,, 210 aaa  and ,...,, 210 bbb  

can be real or complex, and their numbers can be either finite or infinite. 

• A continued fraction (The above fraction) is called a finite simple continued fraction if bn = 1 for all n, that is 
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 where an is positive integer for all n  1, a0  can be any integer number. This fraction 

is sometime represented by 0 1 2[ ; , , , ]na a a a  for finite simple continued fraction and 0 1 2[ ; , , ]a a a  for 

infinite simple continued fraction. In this paper we will use the symbol (S.C.F.) for the simple continued 

fraction.  

Theorem 1 

A number is rational if and only if it can be expressed as a finite S.C.F. [4].  

For example 

   
20 2 1 1

6 6 6 [6;1, 2].
3 13 3

1
2 2

= + = + = + =

+

 

Remark 1 

(i) If 0 ba  and 0 1 2[ ; , , , ]n

a
a a a a

b
=  then 0 1 2[0; , , , , ]n

b
a a a a

a
= .  

(ii) To write 
a

b
−  ( 0, ba ) as S.C.F. we take the greatest integer number 

b

a
−  for the first term of S.C.F. 

that is 0

b
a

a
− = −  where 00 a

a

b
a −−−  + 1 then 

a

b
a

a

b




+−=−

1
0

 and we use the same 

techniques as in theorem 1 to get the remaining terms for 
a

b




. That is, if 

1 2[ ; ,..., ]n

b
a a a

a


  =

  
then 

0 1[ ; ,..., ]n

b
a a a

a
  − = − . 
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Example 1 

(1)  
3

7
=  = [0;2,3]  (2) 

27

5
− =  = [−6;1,1,2]. 

 

Definition 1 

The S.C.F. 0 1[ ; ,..., ]na a a  can be defined by 

1 2
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−= + ,  or      1 0
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n
n

n

K a
a a a

K a
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where 

0 0 0 1

1 0 0 1 1 1

2 0 0 1 2 1 1 2

3 0

( ) 1                                                 ( ) 1

( )                                                ( )

( ) 1                                      ( )  1

(

K a K a

K a a K a a

K a a a K a a a

K a

= =

= =

= + = +

0 1 2 0 2 3 1 1 2 3 1 3

0 1 1 0 2 0 1 1 1

)                          ( )   

                                                                                

( )  ( ) ( )            ( )  (i i i i i i i

a a a a a K a a a a a a

K a a K a K a K a a K a− − − −

= + + = + +

= + = 2 1) ( )iK a−+

 

In general 

)()( )( 21)1( jijijiji aKaKaaK −−−+ +=  ,     ni ,...,2,1=    ,     nj ,...,1,0=  

0)( =− ji aK    0 ( ) 1jK a = . [5,6] 

Example 2 

Evaluate the S.C.F. [2;2,2]. 

Solution 

Let 0 1 2[2;2,2] [ ; , ]a a a= , then  n = 2. From definition 1 we get: 

1 2 2
0 1 2 0 0

2 1 1 2

( )
[ ; , ]

( ) 1

K a a
a a a a a

K a a a
= + = +

+
, 

therefore  
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2 2 12
[2;2,2] 2 2

(2 2 1) 5 5
= + = + =

 +
. 

Lemma 

1) 0 1[ ; ,..., ]na a a = 0 1[ ; ,..., 1,1]na a a − . 

2) 
0 1 1 1[ ; ,..., ,0, ,..., ]j j nc c c c c− + = 0 1 1 1[ ; ,..., ,..., ]j j nc c c c c− ++ . 

3) 
0 1 1 2[ ; ,..., ,0,0, ,..., ]j j nc c c c c− + = 0 1 1 2[ ; ,..., , ,..., ]j j nc c c c c− +

. 

Definition 2 

Let 0 1[ ; ,..., ]ma a a  and 0 1[ ; ,..., ]nb b b  be two S.C.F., 00 ,ba  are non-negative, we define their multiplication by: 

(1) If m = n then 

0 1 0 1 0 1[ ; ,..., ] [ ; ,..., ] [ ; ,..., ]n n na a a b b b d d d =    (2a) 

where 

000 bad =  

1 1
1

0 1 0 1 1

a b
d

a a b b
=

+ +
 

0 2 1 2 2 0 1 2 2 2
2

1 2 1 2 1 0 2 1 2 2 0 1 2 2 2

( 1) ( 1)

( 1)( 1) [ ( 1) ( 1) ]

a b a a a b b b a b
d

a a b b d a b a a a b b b a b

+ + + +
=

+ + − + + + +
 

                                                                 

1 1 3 2 0 1 1 2 0 1 2 1 1 2 1 2 2 1

0 1 1 2 0 1 1 2 1 2 1 2 1 1 1 1 2 2

( ) ( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )] ( )

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( ) ( ) ( )

i i i i i i i i i i
i

i i i i i i i i i i

K a K b K d a K a K b b K a K b K a K b K d
d

a K a K b b K b K a K a K b K d K a K b K d

− − − − − −

− − − − − −

− + +
=

+ + −
  If i odd,  

0 1 2 1 0 1 2 1 1 2 1 2 2 1 1 1 3 2

1 1 2 2 0 1 1 2 0 1 2 1 1 2 1 2 1 1

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( ) ( ) ( )

( ) ( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )] ( )

i i i i i i i i i i
i

i i i i i i i i i i

a K b K a b K a K b K a K b K d K a K b K d
d

K a K b K d a K a K b b K a K b K a K b K d

− − − − − −

− − − − − −

+ + −
=

− + +
  If i even 

for i = 2,3,…,n. 

The last term dn  of the resulting S.C.F. is to be expanded again as a S.C.F. if necessary and not to be treated as the 

greatest integer number as the preceding terms have been treated. 
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(2)  If m  n  (suppose that m < n) then 

 [ 0 1 0 1 1 0 1 1; ,..., ] [ ; ,..., , ,..., ] [ ; ,..., , ,..., ]m m m n m m na a a b b b b b d d d d d+ +
     =   (2b) 

where  =d dj j
 for j = 1,2,…,m,    

and d j
 as we did for case m = n while   = −d dj j j m,

 

1 1 3 2 0 1 1 2 0 1 1 2 1 2 1 2 2 1

,

0 1 1 2 0 1 1 2 1 2 1 2 1 1 1 1 2 2

( ) ( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )] ( )
 

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( ) ( ) ( )

m j j m j j m m j j

j j m

m j j m m j j m j j

K a K b K d a K a K b b K b K a K a K b K d
d

a K a K b b K b K a K a K b K d K a K b K d

− − − − − −

−

− − − − − −

− + +
=

+ + −
if j is odd, 

0 1 1 2 0 1 1 2 1 2 1 2 2 1 1 1 3 2

,

1 1 2 2 0 1 1 2 0 1 1 2 1 2 1 2 1 1

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( ) ( ) ( )

( ) ( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )] ( )

m j j m m j j m j j

j j m

m j j m j j m m j j

a K a K b b K b K a K a K b K d K a K b K d
d

K a K b K d a K a K b b K b K a K a K b K d

− − − − − −

−

− − − − − −

+ + −
=

− + +
if j is even. 

For j = m+1, m+2, …, n. 

Also, the last term is to be treated as a simple continued fraction. 

Example 3 

Find [1;2][1;3]. 

Solution: 

Let [1;2] = 0 1[ ; ]a a  and  [1;3] = 0 1[ ; ]b b , we get m = n =1. 

From Equation (2a) we have 

[1;2][1;3] = 0 1[ ; ]a a  0 1[ ; ]b b = 0 1[ ; ]d d ,  

where d1  is the last term and 

d a b0 0 0 1 1 1= =  =  

d
a b

a a b b
1

1 1

0 1 0 1 1

2 3

1 2 1 3 1

6

6
1=

+ +
=



 +  +
= =  

therefore 

[1;2][1;3] = [1;1]  

         = 2        (Lemma 1) 

To check, we have 
3 4

[1;2] [1;3] 2
2 3

 =  =  
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Example 4 

Find [2;1,4][0;2,3]. 

Solution: 

 Let [2;1,4]=[ 0 1 2; , ]a a a  and [0;2,3]= 0 1 2[ ; , ]b b b , m=n=2. From Equation (2a), we have 

[2;1,4][0;2,3] = 0 1 2[ ; , ]a a a  0 1 2[ ; , ]b b b  = 0 1 2[ ; , ]d d d  , 

where d2  is the last term and 

d a b0 0 0 2 0 0= =  =  

1 1
1

0 1 0 1

1 2 2
0

1 2 1 0 2 1 3

a b
d

a a b b


= = = =

+ +  +  +
 

d
a b a a a b b b a b

a a b b d a b a a a b b b a b
2

0 2 1 2 2 0 1 2 2 2

1 2 1 2 1 0 2 1 2 2 0 1 2 2 2

1 1

1 1 1 1

2 3 1 4 1 4 0 2 3 1 4 3

1 4 1 2 3 1 0 2 3 1 4 1 4 0 2 3 1 4 3

=
+ + + +

+ + − + + + +

=
   + +   + + 

 +  + −     + +   + + 

( ) ( )

( )( ) [ ( ) ( ) ]

( ) ( )

( )( ) [ ( ) ( ) ]
   

 

   =
+


= =

30 12

5 7

42

35

6

5
 = [1;5] 

therefore 

[2;1,4][0;2,3] = [0;0,1,5]  

     = [1;5]       (Lemma 3) 

To check, we have   
14 3 6

[2;1,4] [0;2,3]
5 7 5

 =  =  

and          [1;5]= + =
 +

=
+

=1
1

5

5 1 1

5

5 1

5

6

5
 

Example 5 

Find [2;1,4] [1;2] . 

Solution: 

 Let [1;2]= 0 1[ ; ]a a  and [2;1,4]= 0 1 2[ ; , ]b b b , m=1, n=2, mn, from Equation (2b), 
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we get 

[2;1,4] [1;2]  = 0 1[ ; ]a a  0 1 2[ ; , ]b b b  = 0 1 2[ ; , ]d d d  

where d2  is the last term and 

d d a b0 0 0 0 2 1 2=  = =  =  

1 1
1 1

0 1 0 1

2 1 2
0

1 1 2 2 1 1 5

a b
d d

a a b b


= = = = =

+ +  +  +
 

       
( )

0 2 1 0 1 2 2
2

1 1 2 1 0 2 1 0 1 2 2

( 1) 1 4 2 2 (1 4 1) 4

1 [ ( 1) ] 2 (1 4 1) 0

a b a b bb b
d

a bb d a b a b bb b

+ + +   +   + +
 = =

+ − + + +   + −
 

           =
+ +

= =
8 10 4

10

22

10

11

5
     

             = [2;5] 

therefore 

  [2;1,4] [1;2]  = [2;0,2,5]  

= [4;5]      (Lemma 2) 

To check, we have 
14 3 21

[2;1,4] [1;2]
5 2 5

 =  =  

and     [4;5] = + =
 +

=
+

=4
1

5

5 4 1

5

20 1

5

21

5
 

Example 6 

Find [1;4] [2;3,1,2,4] . 

Solution: 

Let [1;4]= 0 1[ ; ]a a  and [2;3,1,2,4]= 0 1 2 3 4[ ; , , , ]b b b b b  we get m=1, n=4, mn, from Equation (2b) we have 

[1;4] [2;3,1,2,4]  = 0 1[ ; ]a a  0 1 2 3 4[ ; , , , ]b b b b b  = 0 1 2 3 4[ ; , , , ]d d d d d   , 

where d4  is the last term and 

d d a b0 0 0 0 1 2 2=  = =  =  
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1 1
1 1

0 1 0 1

4 3
1

1 1 4 2 3 1

a b
d d

a a b b


= = = =

+ +  +  +
 

       
( )

0 2 1 0 1 2 2
2

1 1 2 1 0 2 1 0 1 2 2

( 1)

1 [ ( 1) ]

1 4 1 2 (3 1 1) 1 4 8 1 13
    = 4

4 4 13 1 16 13 3

a b a b b b b
d

a b b d a b a b b b b

+ + +
 =

+ − + + +

  +   + + + +
= = =

 −  −

 

       

1 3 1 0 1 2 2 0 3 1 2 2 1
3

0 1 2 2 0 3 1 2 2 2 1 1 3 1 2

( ) [ ( ) ( ) ( )]

[ ( ) ( ) ( )] ( ) ( )

4(3 1 2 3 2) [4 3 2 11 3] 44 37 7
   = 0

37(5) 44(4) 185 176 9

a K b a a K b b K b K b d
d

a a K b b K b K b K d a K b d

− + +
 =

 + + −

  + + −  +  + −
= = =

− −

 

      
)()]()()([)()(

)()()]()()([

1323140231022141

214112231402310
4

dKbKbKbbKaadKbKa

dbKadKbKbKbbKaa
d

++−

−++
=   

       
161192

)4(192)5(161
=

)1(161)1(192

4484)5](13)1381224(2134[
   

−

−

−

−++++++
=  

       
21

37
   =  = [1;5,6] 

therefore  

     [1;4] [2;3,1,2,4]  = [2;1,4,0,1,5,6]  

         = [2;1,5,5,6]         (Lemma 2) 

To check, we have 
5 109 545

[1;4] [2;3,1,2,4]
4 48 192

 =  =  

and    
1 1

[2;1,5,5,6] 2 2
1 1

1 1
1 6

5 5
1 31

5
6

= + = +

+ +

+ +

+

= +

+

=2
1

1
31

161

545

192
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Definition 3 

          Let 0 1[ ; ,..., ]na a a  be a S.C.F., then we define the multiplicative inverse of 0 1[ ; ,..., ]na a a  as 

0 1

0 1

1
[0; , ,..., ]

[ ; ,..., ]
n

n

a a a
a a a

= . 

Example 7 

Find the multiplicative inverse of [0;1,1,4] . 

Solution: 

 From definition 3 we have: 

1
[0;0,1,1,4]

[0;1,1,4]
=  

  [1;1,4]= .      (Lemma 3) 

To check, we have 

      
1 1 9

5[0;1,1,4] 5

9

= =  

and       
1 4 9

[1;1,4] 1 1
1 5 5

1
4

= + = + =

+

 

Definition 4 

Let 0 1[ ; ,..., ]ma a a  and 0 1[ ; ,..., ]nb b b  be two S.C.F. we define the Division by 0 1 0 1[ ; ,..., ] [ ; ,..., ]m na a a b b b =

0 1

0 1

1
[ ; ,..., ]

[ ; ,..., ]
m

n

a a a
b b b

  where 0 1

0 1

1
[0; , ,..., ]

[ ; ,..., ]
n

n

b b b
b b b

=  

Example 8 

Find [35;1,2,2] [3;1,1,3] . 

Solution: 
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Let  [35;1,2,2] = 0 1 2 3[ ; , , ]a a a a  and 0 1 2 3 4

1
[0;3,1,1,3]=[ ; , , , ]

[3;1,1,3]
b b b b b= , we get m=3, n=4, mn, from Equation 

(2b), we have 

[35;1,2,2] [0;3,1,1,3]  = 0 1 2 3[ ; , , ]a a a a   0 1 2 3 4[ ; , , , ]b b b b b  = 0 1 2 3 4[ ; , , , ]d d d d d  , 

where d4  is the last term and  

d d a b0 0 0 0 35 0 0=  = =  =  

1 1
1 1

0 1 0 1

1 3 3
0

1 35 1 0 3 1 36

a b
d d

a a b b


= = = = =

+ +  +  +
 

0 2 1 2 2 0 1 2 2 2
2 2

1 2 1 2 1 0 2 1 2 2 0 1 2 2 2

( 1) ( 1)

( 1)( 1) [ ( 1) ( 1) ]

35 3 2 107
            = 8

3 4 12

a b a a a b b b a b
d d

a a b b d a b a a a b b b a b

+ + + +
= =

+ + − + + + +

 +
= =



 

3 1 3 1 0 2 0 3 1 2 2 0 3 1 2 2 2 2 2 2 1 1

3 3

0 3 1 2 2 0 3 1 2 2 2 2 2 2 2 1 3 1 3 1 1 2

3 1 3 1

0 3 1 2 2

( ) ( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )] ( )

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( ) ( ) ( )

( ) ( )
            

[ ( ) ( )

K a K b K d a K a K b b K b K a K a K b K d
d d

a K a K b b K b K a K a K b K d K a K b K d

K a K b

a K a K b

 − + +
= =

 + + −

=
+ 2 2 2 2 3 1 3 1 2

7 7

( ) ( )] ( ) ( ) [35 7 2 5 2] 7 7 8

49
            0

108

K a K b K a K b d


=

−    +  −  

= =

        

257

8257577735
    

)1(7

8)1(7]577735[
    

 
)()()(

)()()()]()()()([

4341214321

4341214321

221413

211413232223130
4



−+
=

++++

++++−+
=



−+
=

bbbbbbbbbb

bbbbbbbbbb

dKbKaK

dKbKaKbKaKbKaKa
d

 

    
175

350
=   = 2 

therefore  

[35;1,2,2] [3;1,1,3]  [35;1,2,2] [0;3,1,1,3]=   

      [0;0,8,0,2]=  

      [8;0,2]=       (Lemma 3) 

      = 10     (Lemma 2) 
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To check, we have [35;1,2,2] [3;1,1,3] =  =  =
250

7

25

7

250

7

7

25
10. 

Example 9 

Find [1;2,2] [1;3] . 

Solution: 

Let [1;2,2] = 0 1 2[ ; , ]a a a  and 0 1 2

1
[0;1,3]=[ ; , ]

[1;3]
b b b= , we get  m = n = 2, 

from Equation (2a), we have 

[1;2,2] [0;1,3]  = 0 1 2[ ; , ]a a a   0 1 2[ ; , ]b b b  = 0 1 2[ ; , ]d d d , 

where d2  is the last term and  

d a b0 0 0 1 0 0= =  =  

1 1
1

0 1 0 1

2 1 2
0

1 1 2 0 1 1 3

a b
d

a a b b


= = = =

+ +  +  +
 

45

32531

])1([)1)(1(

)1(

22212012121

222120
2



+
=

++−++

++
=

baaabadbbaa

baaaba
d  

     
20

21
=    

    [1;20]=  

therefore  

  [1;2,2] [1;3] [1;2,2] [0;1,3]=   

        [0;0,1,20]=  

        [1;20]=        (Lemma 3) 

To check, we have 
7 4 7 3 21

[1;2,2] [1;3]
5 3 5 4 20

 =  =  =  

and    [1;20] 
20

21

20

1
1 =+=  
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Theorem 3 

Let 0a =  be an irrational number and define the sequence 0 1 2, , ,...a a a  recursively by k ka = , 1

1
k

k ka



+ =

−
 for 

k =0,1,2,… . Then   is the value of infinite S.C.F. [ 0 1 2; , ,...a a a ].  For example 

0 1 2 3 4 53 [ ; , , , , ,...] [1;1,2,1,2...]a a a a a a= =  = [1;1,2 ]. We can use the same operations of finite S.C.F. for infinite 

S.C.F.. 

Example 10 

Find [1;1,2] [2;4 ] 

Solution: 

Let  [1;1,2] [1;1,2,1,2,...]=  = 0 1 2 3 4[ ; , , , ,...]a a a a a   

and  [ 2;4] [2;4,4,4,4,...= ] = 0 1 2 3 4[ ; , , , ,...]b b b b b   

from (2a) we have 

0 1 2 3 4[ ; , , , ,...]a a a a a   0 1 2 3 4[ ; , , , ,...]b b b b b  = 0 1 2 3 4[ ; , , , ,...]d d d d d  

where  

d a b0 0 0 1 2 2= =  =  

1 1
1

0 1 0 1

1 4 4
0

1 1 1 2 4 1 10

a b
d

a a b b


= = = =

+ +  +  +
 

0 2 1 2 2 0 1 2 2 2
2

1 2 1 2 1 0 2 1 2 2 0 1 2 2 2

( 1) ( 1)

( 1)( 1) [ ( 1) ( 1) ]

1(4)(3) 2(2)(17) 2(4)
   

(3)(17)

88
   1

51

a b a a a b b b a b
d

a a b b d a b a a a b b b a b

+ + + +
=

+ + − + + + +

+ +
=

= =
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3 1 3 1
3

0 3 1 2 2 0 2 2 3 1 2 2 2 2 3 1 3 1 2

( ) ( )

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( )

4(72)
   

[4(17) 2(3)(72) 3(17)] 4(72)

288
   1

263

K a K b
d

a K a K b b K a K b K a K b K a K b d
=

+ + −

=
+ + −

= =

 

0 3 2 4 1 0 3 2 4 1 3 2 3 2 4 1 4 1
4

4 1 4 1 2 2 0 3 2 4 1 0 3 2 4 1 3 2 3 2

[ ( ) ( ) ( ) ( ) ( ) ( )] ( ) ( )

( ) ( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )]

[72(11) 2(8)(305) 8(72)] 11(305)
   

(3355)(2) (6248)

2
   

a K b K a b K a K b K a K b K a K b
d

K a K b K d a K b K a b K a K b K a K b

+ + −
=

− + +

+ + −
=

−

=
893

6
462

=

 

therefore 

[1;1,2] [2;4 ] = [2;0,1,1,6,…] 

                   = [3;1,6,…]       (Lemma 2)  

To check, we have: [1;1,2] [2;4 ] = 3 5 15 =  

and [1 12 2 4, , ] [ , ] = [3,1,6,…] = 15 

Conclusion 

This paper is the Second part for the operations of the simple continued fractions. In the first part [6] we 

discovered the definitions of addition and subtractions of simple continued fractions. In this part we defined 

the multiplication, multiplicative inverse and the division of the simple continued fractions. 
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