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Introduction

There are many applications of continued fractions:
combine continued fractions with the concepts of
golden ratio and Fibonacci numbers, Pell equations
and calculation of fundamental units in quadratic
fields, reduction of quadratic forms and calculation
of class numbers of imaginary quadratic field [7].
There is a pleasant connection between Chebyshev
polynomials, the Pell equation and continued
fractions, the latter two being understood to take
place in real quadratic function fields rather than the
classical case of real quadratic number fields [1]. The
simple continued fractions have been studied in
mathematical (Diophantine Equation, congruence
ax=b (mod m) and Pell's equations) and physical
(gear ratio) [4]. The analytic of continued fractions
for the real and complex values have been studied in
[3,9]. However, [2,4,6] studied the continued

fractions for the integer values. There are many
applications of simple continued fractions (Gosper's
batting average problem [8], Cryptography ...). In
[5,6] we show that, any number, rational or
irrational, can be expression as a finite or infinite
continued fraction. Also, we can solve any
Diophantine Equation or congruence ax=b (mod m).
The most important, that we did in [5,6], we define
the addition and subtraction of the simple continued
fractions. Also, we showed that, how can we know
which simple continued fraction is greater than of the
other. In this paper, we will define the multiplication
and division of the simple continued fractions and we
will be exploring how continued fractions can be
used to multiply the numbers Va-\Vb . We start with
some definitions and theorems that we used to define
the multiplication of two simple continued fractions.
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Definitions

An expression of the form a, + is called a continued fraction. a,,a,,4a,,... and by,b,,b,,...

a, +
1 b2

a_3 +- ..

a, +

can be real or complex, and their numbers can be either finite or infinite.
A continued fraction (The above fraction) is called a finite simple continued fraction if b,= 1 for all n, that is

where a; is positive integer for all n > 1, a, can be any integer number. This fraction

is sometime represented by [a,;&,,a,,...,a,] for finite simple continued fraction and [a,;&,,a,,...] for

infinite simple continued fraction. In this paper we will use the symbol (S.C.F.) for the simple continued

fraction.

Theorem 1

A number is rational if and only if it can be expressed as a finite S.C.F. [4].

For example

+%:6+L1:[6;1,2].
3 3 > 1

Remark 1

(i)

(i)

If a>b>0 and %z[ao;al,az,...,an] then g:[o;ao,ai,az,...,an].

. b : b :
Towrite — — (@,b>0)as S.C.F. we take the greatest integer number E——% for the first term of S.C.F.
a

Q

. b b 1
that is %——Ez—a{) where —a; <——<—-a; + 1 then —E:—ag 5 and we use the same
a a a

!

a

! !

. . . b ... b
techniques as in theorem 1 to get the remaining terms for — . That is, if —=[a;;a;,...,a,] then
a a

b 1ot ’
_g—[_amav---'an]-
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Example 1

(1) §: =[0;2,3] (2 —Z: =[-6;1,1,2].
7 5

Definition 1

The S.C.F. [a,;4&,,...,a,] can be defined by

. _ Kn—l(az) . _ Kn+1(a0)
[ao,ai,...,an]—a0+—Kn(a1) , or [ao’ai""’a”]_—Kn(ai) .
where
Ko(a) =1 K,(a)=1
Ki(a) =2, Ki(@) =2
K,(a)=aa +1 Ky(@)=2a a,+1

Ks(ao):ao aa, +a, +a, K3(a1)=a1a2a3+a1+a3

Ki (ao):ai—l Ki—l(a0)+Ki—2(a0) Ki (a1) =g Ki—l(a1)+Ki—2(al)

In general

Ki(a,)=a, 4 K@) +K_,(@;) , i=12..,.n , Jj=0L1..,n
K.(a;)=0 Ko(@;)=1.[56]

Example 2

Evaluate the S.C.F. [2;2,2].

Solution

Let [2;2,2]=[a,;a,,a,], then n = 2. From definition 1 we get:

K@), 2
K@) ° ag,l

[a,;a,,8,] =2, +

therefore

JI8J
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2

B 12
(2-2+1) '

2:2,2]=2+ =<
[2,2,2] c

2+E:
5

Lemma

1) [a,;a,...a,]1=[a,a,...a,-11].
2) [cy:¢,4C4,0,C5,,-,C 1= [C5 €y €y +C gy G,

3) [Cy;€y-€;4,0,0,C5,550-, €, ] =[C€)3Cpyees €15, € pyens c.].
Definition 2
Let [a,;8,,...,a,] and [b,;b,,...,b,] be two S.C.F., a,,b, are non-negative, we define their multiplication by:

(1) If m=nthen

[a,;a,,...,a,]x[by;b,,....0,]1=[d,;d,,....,d.] (2a)

where

do = aobo

ot
! a,a, +b,b, +1

’ _é agh, (3,3, +1) + 30, (B, +1) +ab, é
 H(aa, +1)(bb, +1)—d,[a.b, (8@, +1) + &b, (b, +1) +a,b, ]

1 K@K B)K,(0) 3K, (@)K, (0) B K, (@)K, (0) Ko@) K s BIIK @) 1
K (2K, 00) B (K, () + K@) KB () - K (@)K, (B)K(0,)

o e 0K () +hK (@)K () + K, (8K (01K, ()~ K (@)K B)K (@) e
K (@)K (K, () TR (@)K, 0,) +By K (@)K () K (@)K 01K 4 (e

fori=2,3,...,n.

The last term d, of the resulting S.C.F. is to be expanded again as a S.C.F. if necessary and not to be treated as the

greatest integer number as the preceding terms have been treated.
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(2) f m=n (suppose that m < n) then
[8g; @y, an]x [0y by, By By, B ] =[dgs o A ] (2b)
whered/ =d, for  j=12..m,

and d; aswe did for casem =nwhile d/ =d;,

. K (@)K (0K (0) ~[aK (@)K (0,) +DiK; (0K, (8,) + Koy (@)K, (0)IK . m% fiis ocd

I laK (@)K -y (0,) +byK (0K, 1 (8) + K (@)K 5 (0,)]K 1 (6) - K, (@)K (B)K L, (d)) '

’ 8K, @)K (0y) + 0K (0K, (8) + K,y (3,)K L (0,)]K () - K (8)K, (0K, )é_ N

i j-m —H if j is even.
K (@)K (1)K, (d,) - [3K,, (@)K, ()+bK(b1) (@) + K, (@)K, (0,)K 4 (d,)

Forj=m+1, m+2,...,n
Also, the last term is to be treated as a simple continued fraction.
Example 3
Find [1;2] x[1;3].
Solution:
Let[1;2] = [a,;a,] and [1;3] = [by;b,], we get m=n=1.
From Equation (2a) we have
[1:2]x[1;3] =[ay; 8, ] < [by; b ]= [do; d, ],
where d, is the last term and

dy =agh, =1-1=1

_ ab, _ 2-3 _6_
' a,a +bb +1 1.2+1.3+1 6
therefore
[1;2]x[1;3] = [1:1]
=2 (Lemma 1)

To check, we have [1; 2] x[L; 3] = gx g =2

JI8J
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Example 4
Find [2;1,4]%[0;2,3].
Solution:

Let [2;1,4]=[a,;a,,a,] and [0;2,3]=[b,;b,,b,], m=n=2. From Equation (2a), we have

[2,1,4]x[0;2,3] = [a,;8,,8,]x[by;b,,b,] = [dy;d,,d,] ,
where d, is the last term and

d, =ah, =2-0=0

e

a,a, +bb, +1 2-1+0-2+1 3

d - a,b,(a,a, +1) +a,b,(bb, +1) +a,b,
’ (a1a2 +1)(b1b2 +1) - dl[aObZ (alaZ +1) + aZbO (ble +1) + a'2b2]
B 2-3-(1-4+1)+4-0(2-3+1)+4-3
T (14+1D(2-3+1)-0[2-3-(1-4+1) +4-0(2-3+1) +4-3]

_30+12_4_2_§_[1_5]
5.7 35 5 7

therefore
[2;1,4]x[0;2,3] =[0;0,1,5]

=[1;5] (Lemma 3)

To check, we have [2;1,4]x[0;2,3] = %x

~N | w
[$20Ke))

1 51+1 5+1 6
and [1;5] +5 5 5 5

Example 5
Find [2;1,4]x[L2].
Solution:

Let [1;2]=[a,;8,] and [2;1,4]=[b,;b;,b,], m=1, n=2, m#n, from Equation (2b),
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we get
[2:1,4]x[1,2] = [ag;8] < [y by, b,] = [d,; ), d;]
where d is the last term and

d,=d;=ap,=2-1=2

e

aga, +bp +11 Fl-2+2-1+17 5
d; - 290,8 + by (Bb, +1) +b, _1.4-242-(1-4+0)+4
3, (b, +1) - d,[a,b,a, + by (b, +1)+b,] 2-(1-4+1)-0
_8+10+4 22 11
10 10 5
=[2;5]
therefore

[2;1,4]1x[1;2] =[2;0,2,5]
=[4;5] (Lemma 2)

To check, we have [2;1,4]x[1,2] = % X % = %

1 54+1 20+1 21
4' :4 —_ = — [ —
and [4;5] +5 5 5 5

Example 6
Find [14]x[2;3,1,2,4].
Solution:
Let [1;4]=[a,;a,] and [2;3,1,2,4]=[b,;b,,b,,b;,b,] we get m=1, n=4, m=n, from Equation (2b) we have
[L41x[2;3,2,4] = [a,;a,]x[by;b;,b,,b4,b,] = [dy:d,, d;,d;,d;],
where d; is the last term and

d,=d;=ab, =1.2=2
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gl fE 2 £,
a1+bb1+1 1-4+2-3+1H
ayb,a +b,(bb, +1) +b,

a, (bb, +1) - d[ab,a, +b,(bb, +1) +b,]

H1-4142-(3-1+1)+14_H4+8+1 H134 4
“H 4.4-131 4 H16-13° H3H

[a02, K, (B,) + b K, (by) + K, (0,)]K, (d)) — &K, (by)d,
%ﬁ 44 - 37 %:%ZE:O

H185-176"

4(3-1-2+3+2)—-[4-3+2-11+3]
37(5) —44(4)

é a K, (b)) —[8,3, K, (b,) + byK, (b)) + K, (b,)]d!; §

47 = [03Ks(b,) +0,K, (b)) + Ky (b,)IK, (d;) —a,K, (B,)d,
K, (0)K, (d)) —[a,3, Ky (b;) + K, (by) + K, (b,)IK, (d))

4

[4-13+2(24+12+8+3+1) +13](5) —4-48-4 _ 161(5) ~192(4)
192(1) —161(1) 192 -161

37
== =[156
TR,

therefore

[1,4]x[2;3,1,2,4] =[2;1,4,0,1,5,6]

=[2;1,5,5,6] (Lemma 2)
To check, we have [1;4]x[2;3,1,2,4] = 5 109 545
4 48 192
and [21556]=2+—+ -9yt o, 1 5%
1 1 1 31 192
+ 1 1+ 6 1+ —
5+ 1 5+ 161
5+= 31
6

Page | 677

International Invention of Scientific Journal, Volume 03, Issue 09, Page no: 670-682



Souad I. Mugassabi, The Multiplication and Division of Simple Continued Fractions JI8]

Definition 3

Let [a,a,..,a,] be a S.CF., then we define the multiplicative inverse of [a,a,...,a,] as

1

— =[0;a,,8,,...,4,].
o] oo
Example 7

Find the multiplicative inverse of [0;1,1,4].

Solution:
From definition 3 we have:

1
[0;1,1,4]

=[0;0,1,1,4]

=[11,4]. (Lemma 3)

To check, we have

and [1;1,4]:1+L1:1+ﬂ:9
1+Z 5 5

Definition 4
Let [a,a,,...,a,] and [b,;b,...,b,] be two S.C.F. we define the Division by [a,a,,...,a,]+[by;b,....0,]=
[a,;a,...,a ]x; where ;:[O'b b,....0b,]
ST by, by [by;by,. bl
Example 8

Find [35:1,2,2] +[3:1,1,3].

Solution:
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Let [35;1,2,2] = [a,;8,,8,,8,] and =[0;3113]=[b,;b,,b,,b;,b,], we get m=3, n=4, m=n, from Equation

[3;11,3]
(2b), we have
[35:1,2,2]x[0;3,1,1,3] = [a5;,,8,,8;] x [by;by,0,,b5,b,] = [dy:d,,d,,dy,dg]

where d, is the last term and

d, =d; =a,b, =35-0=0

d=d'=§ albl EZH 13 %
Lt Haa, +bp +10 £35-1+40-3+1°

i :é ah, (a,a, +1)+a,b, (b, +1) +ab, %
’ ’ (a1a2 + 1)(b1b2 + 1) - dll[aobz (a'laz + 1) + azbo (blbz + 1) + azbz]

_135-3+20]_fo7]_
H 3.4 H H1258

.y _§K3(a1)K3(bl)Ko(d2,) —[8K;(a,) K, (b)) +by Ky (B)K, (8,) + Kz(az)Kz(bz)]Kl(df)g
[3, K, (a,) K, () + by Ky (B) K, (8,) + K, (8,) K, (B,)1K, (d;) — Ky (3)) K, (B)K, (d2)

3 3

:E Ka (3)Ky (B) EZE 7.7 %

[aoKs(a1)K2(b2)+ Kz(az)Kz(bz)]_ Ks(ai)Ks(bl)'dé [35'7'2+5'2]_7'7'8
49

- ion

_[aoK;(a,)K,(b,) + K, (8,) K, (0,)] - Ky (8)) K, (b K, (d7)
Ks(a)K, (0,)K,(d;)

[35-7-7+7-5]-7-(bb,bb, +bb, +bb, +bb, +1)-8

- 7-(bb,b,b, +b,b, +b,b, +b.b, +1)

35.7.7+7-5-7-25-8

- 7-25

d;

30
175

therefore

[35:1,2,2] < [3:11,3] =[35;1,2,2]x[0:3,1,1,3]

=[0;0,8,0,2]
=[8;0,2] (Lemma 3)
=10 (Lemma 2)
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JI8J

To check, we have [35;1,2,2]+[3;1,1,3] = @ +§ = @ X 215 =10.

Example 9
Find [12,2] +[L3].

Solution:

Let [1;2,2] =[a,;8,,8,] and ﬁ =[0;1,3]=[b,;b,,b,], we get m=n=2,

from Equation (2a), we have
[£2,2]x[0;1,3] = [ay;a,,8,] x [by;b;,b,] = [d,;d,,d, ],
where d, is the last term and

d, =ah, =1:0=0

_fab g j 21 goHeg
dl_éaoai+b0bl+lg_Hl-2+0-l+lﬁ_§3§_o

a,b,(a,a, +1)+a,b, - 1.3-5+2-3
(aiaz +1)(b1b2 +1) - dl[aObZ (aiaz +1) + azbz] 5-4

2

2
20

=11, 20]
therefore

[12,2]+[13] =11 2,2] x[0;1, 3]

=[0;0,1,20]
=[1,20] (Lemma 3)
To check, we have [1;2,2]+[1,3] = Z—ﬂ :Zx§ _2
5 3 5 4 20
and [1;20] =1+ 1 = 21
20 20
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Theorem 3
I . : 1
Let a =, be an irrational number and define the sequence a,,a,,4,,... recursivelyby a, = o, , @, = A for
k™ %
k =0,1,2,.. . Then « is the wvalue of infinite S.CF. [a,a,a,..] For example

\/§=[ao;a1,a2,a3,a4,a5,...] =[112212..] = [11,2]. We can use the same operations of finite S.C.F. for infinite

S.CF.

Example 10
Find [1,1,2]x[2;4]
Solution:
Let [11,2]=[11212,..] = [8;8,8,,8;,8,,..]
and [2;4]=[2;4,4,4,4,..]1= [b,;b,b,,b,,b,,..]
from (2a) we have
[a,;8,,8,,85,8,,...] x [by;b,b,,0;,b,,...] =[d,;d,,d,,d;,d,,...]

where

d, =ab, =1-2=2

E L4 4 H4H

1.1+2-4+1° 107

v
a0a1+b0bl +1

ab,(a,a, +1) +a,by(bb, +1) +a,b, g
“H(@aa, +)(bb, +1) —d.[ab,(aa, +1) + b, (bb, +1) +ab, ]

E1(4)(3) +2(2)(A7) + 2(4)%

(3)a7)
88
e
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é Ka(a)K,(B) %
[a,K, () K, (b,) + byK, (3,) K, () + K, (8,) K, (b,)] - Ky (a) K, (B)d,

288

% 4(72) %
[4(17) + 2(3)(72) + 3(17)] - 4(72)

26

é [a,K;(b,) K, (a)) +byK5(a,) K, (B) + Ky (8,) Ky (0,)] - K, (a) K, (by) é
K, (a)K,(B)K,(d,) —[a,K;(b,) K, (a,) +b,K;(a,) K, (by) + K;(a,) K, (b,)]
%[72(11) +2(8)(305) +8(72)] - 11(305)%

(3355)(2) — (6248)

2893%
462

therefore
[L1,2]%[2;4] =[2:0,1,1,6,...]
=[3;1,6,...] (Lemma 2)
To check, we have: [L1,2]x[2;4] = /3 x~/6 =+/15
and [1,1,2]x[2,4] = [3,1,6,...] = /15

Conclusion

This paper is the Second part for the operations of the simple continued fractions. In the first part [6] we
discovered the definitions of addition and subtractions of simple continued fractions. In this part we defined
the multiplication, multiplicative inverse and the division of the simple continued fractions.
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